Stickel and Eisenhart lifts, Haantjes geometry and Grav-
itation

We present the Stickel lift as a unified framework for constructing new classes of
integrable and separable Hamiltonian systems, extending the classical Eisenhart
lift and its conformal generalizations. We prove that systems constructed through
momentum-dependent Stickel matrices are naturally endowed with a symplectic-
Haantjes (w.7¢) structure whose Haantjes operators are genuinely non-projectable
along the fibers of the cotangent bundle. We discuss applications to magnetic sys-
tems in cylindrical coordinates, Platonic gravitational waves, Hamilton-Finsler ge-
ometries, and the triality between the Eisenhart lift, Randers—Finsler geometry and
Zermelo navigation.
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